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data List = [] | Nat : List

append :: (List, List) — List

append
append

([}, Ds)

(a:as, bs)

bs
a:append (as, bs)
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Vx : List . P(x)

P(x) &=  append (x,[])=x
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Case P([]):

Case P(a:as):

append ([],[])

(1

{ definition of append }

append (a:as,[])

a:

a:

{ definition of append }
append (as, [1)
{ ex hypothesi }

as
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append :: (List, List) — List
append (as, bs) = foldr (:) bs as
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append (as, [])

{ definition of append }

foldr (:) [] as

as

{ reflection: foldr (:) [] =id

}
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Ordering objects -
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Category-
partial
orders

A category-partial order is a pair (C,C) where

» C is a category and
» C is a subcategory of C that is a partial order on the

objects of C.
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C-POs

Ordering morphisms .
R
Ralf Hinze
Let f: A — B and g: C — D, then
Category-
fCg brders

iff AC C, BC D and the following diagram commutes.

.f
A—+B
lﬂ lﬂ & LCgp-f=9g-Cac

C———D
g
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» C on morphisms is a partial order.

» Let f,g: A — B, then
fEg & f=g
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» (Set,C): f C g iff f is the restriction of g to A.

» Functor categories: D€ is a c-po if D is one.
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In Set:
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Split transitivity

Let f: A — B, then
Cgc-f=LCac = f=CaB

A c-po that satisfies this property is called a split c-po.
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Split c-pos
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An equivalent formulation

Let f: A — B, then

fCide = f=LCAaAp

A—>—B

I

CT>-C
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In Set the inclusion morphisms are monos.

C-f1=C-f,

—

f1 =",
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Monic c-pos

A c-po is called a monic c-po if the arrows T 5 g are monos:

Let fy,f2: A — B in C, then

Cgc-fi=Cgc:- 12

—

fi1=12
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In a monic c-po the lower arrow uniquely determines the

Upper arrow.

A—>—B o
C—>—D
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Contracts and
Prli::ri;fles

Ralf Hinze

Let f: A — B, then
feR—=S = dg:R—=S.gCf

Think of R — S as a contract with precondition R and _
postcondition S. But note that the postcondition can’t be p——
weaker than B.
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» Identity:

RC A = ida € R— R
» Composition: Let f: A — B and g: B — C, then Monic

c-pos

feER—-S ANgeS—-T — g-feR—T

1 I/Q IH IH

AT>A
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Initial objects
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Universal property

h:0—= A
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Set A =0 and h = id,.
We obtain

o : Initial
io = 1do

objects
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Fusion e

Proof

Principles
Let f:B— Aandset h=f-jg:0— A. R s
We obtain
ia="T"ip — f:B— A
Initial
O objects
| NS
iB | (\7
Y ) “
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The mother of all proof principles

f:A—>R g:B—R
f-ia=9-is

/ 4
A<--z----©
N

}.,

>
=
os]
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A special case: Set B =R and g = idg.

We obtain
f:A—R

fia=ir
So, the proof principle implies fusion.
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A more special case: Set f = C A .

We obtain

ALCR

ia Eir

|R€O—>A

ALCR
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An even more special case: Set R = 0.
We obtain
ACO ACO
ia Cio i0€0—A
Proof
principles

27 /43



An even more special case: Set R = 0.

We obtain
ALCO

ia Eio

Recall that j; =idp. So, in a split c-po this implies:

ioGO-)A

ALCO

ALCO

A=0
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Given: objects A and B.
A cospan is an object C with two morphisms f: A — C and
g:A— C.

Coproducts
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Cospans are the objects of the category Cospan(A, B).
Morphisms in Cospan(A, B) are morphisms in the
underlying category that make the following diagram

commute.
A" ,c+ 9 B
ida h idg
Coproducts
A &7 C' = o B
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The initial object in Cospan(A, B) is the coproduct of A
and B.

Notation:
inl inr
A—>A+B=<——B
idAJ/ : fvg idg
Y Coproducts
A - C = B
f ¢
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(C,f,g) C(C',f',g") &= CCC AfCf AgCyg

Coproducts
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Proof principle: case analysis o
Prli::fgc;)fles
Ralf Hinze
RCC RCEC feA—R geB—R
icE0R fVgeA+BoR
Coproducts
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A special case: C =0.
RCO RCA+B inle A—>R intre B—R
R=0 R=A+B
Coproducts
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F-algebras

Given: a functor F: C — C.
An F-algebra is an object T with a morphism f :

f
FI ——— T
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FT — T.

Initial
algebras
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The category of F-algebras

F-algebras are the objects of the category Alg(F).
Morphisms in Alg(F) are morphisms in the underlying
category that make the following diagram commute.

.f
FI —— T

Fh h

FT'——— T’
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The initial object in Alg(F) is the least fixed point of F.

Notation:

Initial algebras
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Ordering F-algebras

(T (T 1)

= TCT AfCH
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Proof principle: induction

RCC

iC€0—>R

RCC feFR— R

(f) € uF = R
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A special case: C = 0.
RCO RC uF ine FR —- R
R=0 R=uf
Initial
algebras
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data BaseA = 1+ Natx A
type List = uBase

P = {x:List|append (x,[]) =x}

nilel1 - P cons € Nat x P —> P

nil V cons € BaseP — P

in € BaseP —» P
P = List
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Correctness of insertion sort

Ord = {x:List|ordered x}

nil € 1 — Ord insert € Nat x Ord — Ord

nil Vv insert € Base Ord — Ord

(nil v insert) € List — Ord
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Epilogue

Simple and general framework for studying proof
principles.

» Nicely links proof principles to contracts.

The development dualises: proof principles for terminal
objects (products, final coalgebras).

But, the requirements also dualise: epic inclusion,
cosplit transitivity which doesn’t hold in Set.

0

@—C>{1}
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