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The Lifting Lemma WG2.8

Mathematicians do it ...

(f+9)(x) = f(x) + g(x)
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...over and ...

A+B={a+b|acA,beB}
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...and over again.

(x1,%2,%3) + (Y1,Y2,Y3) = (x1 +y1,%2 +Y2,%3 +Yy3)
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Haskell programmers do it ...

data Maybe o« = Nothing | Just «

(+) :: Maybe N — Maybe N — Maybe N
Nothing +n = Nothing

m + Nothing = Nothing

Just a + Just b = Just (a + b)
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...over and over again.

(+) =2ION—-ION—ION
m+n=do{a« m;b ¢+ n;return (a+ b)}
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| do it: lifting

data Stream o« = Cons {head :: «, tail :: Stream o}

(+) = Stream N — Stream N — Stream N
s+t = Cons (head s + head t) (tail s + tail t)
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Since the arithmetic operations are defined point-wise, the
familiar arithmetic laws also hold for streams.
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More general, given a point-level identity, does the lifted
version hold as well?
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x+y)+z=x+(y+2)
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WG2.8

X+y=y+x
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The Lifting Lemma

WG2.8
x*x0=0
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WG2.8

Idioms
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Idioms aka applicative functors

class Idiom t where
pure: o — L
(¢) zt(a—B)—> (ta—1p)
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instance Idiom (t—) where
purea=Ax — a
fog =Ax— (fx) (gx)
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instance Idiom (t—) where
purea=Ax — a
fog =Ax— (fx) (gx)

So, pure is the K combinator and ¢ is the S combinator.
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instance Idiom Stream where
purea =s wheres =a <s
sot = Cons ((head s) (head t)) (tail s ¢ tail t)
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Lifting, generically

(+) = (Idiomt)=1tN—- 1 N— LN

u+v=npure (+)ouov

(x) = (Idiomdi)=ta—tp —t(xp)

uxv =pure(,)ouov
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Idiom laws

pureid o u
pure (-()ouovow
pure f ¢ pure x

u o pure x
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pure f o (u*v)
= { definition of * }

pure f o (pure (,) ouov)
= { idiom composition }

pure (-) o pure f o (pure (,)ou)ov
= { idiom homomorphism }

pure (f -) o (pure (,)ou)ov
=  {idiom composition }

pure (-) o pure (f -) o pure (,)oucv
= { idiom homomorphism }

pure ((f-) - (,))oucov
= {{f)-(xy=0E-()x)y==£(()xy)=curryfxy}

pure (curry f)ouov
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The Idiomatic Calculus
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Syntax: variables

dataIx:* — * — x where
Zero : Ix (p, o) o
Succ:Ixp P —Ix(p,x) B
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Syntax: terms

data Term : x — x — x where
Con :ox — Term p &
Var =Ix p o — Term p
App:Termp (¢ — ) — Term p & — Term p B
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Semantics: variables

data Env : (x — *) — (x — %) where
Empty :: Env ¢ ()
Push :Envip— 1o — Envi(p,«)

We write Empty as () and Push nj u as (n, u).

acc tIxpa—Envip—La
acc Zero m,v)=v

acc (Succn) (n,v) =accnn
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Semantics: terms

Al % (Idiom ) = Termpx — Env ip — 1 «
Z[Con v]n = pure v
Z[Var n]n =accnm

Z[App e1 e2]n = Z[e1]n ¢ Z[ez]n
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What about abstraction?
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Syntax

data Term :: x — % — *where
Con :: o« — Term p «
Var :Ix p o — Term p «
App:Termp (x — ) = Term p & — Term p
Abs :: Term (p, ) p — Term p (ax — B)
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An idiom is very similar to an applicative structure.
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Semantics
Al % (Idiomt) = Termpx — Envip — 1 «
Z[Con v]n = pure v
Z[Var n]n =accnm
Z[App €1 e2n = Z[er]n o Z[ez]n
Z[Abs e]n = the unique function f such that

Vv .fov=2Z[e](n,v)
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Uniqueness?

Extensionality:

(Vu.fou=gou)=—=1f=g
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Existence?

Combinatory model condition:

pure Keuov =u

pure Souovow = (uow)o (vow)

Ensures that t has enough points.
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Idiomatic interpretation specialised to the identity idiom:

l »Termp o« — Envidp—
[Conv]n =v

[Var n]n =accnm

[App e1 e2]n = ([e1]n) ([ez]n)

[Abs e]n =Av — [e](n,v)
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... written in a pointfree style:

ll m Termp x — EnvId p—
[Con v] =Kv

[Var n =accn

[App e1 e2] =S [e1] [e2]

[Abs €] = curry [e]
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The Lifting Lemma
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The lifting lemma

Z[e] = pure [e]
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pure (+) o (pure (x) ouo w) o (pure (*) o vow)

= { definition of 7 }
Z[Abs (Abs (Abs (2% 0+ 1%0)))Jouoveow

{ lifting lemma }

pure [Abs (Abs (Abs (2% 0+ 1%0)))Jouovow
= { definition of [] }

pure (AX Yz 9 X*Z+y*2)OUOVOW
= { arithmetic }

pure AXxyz — (X+y)*z)ouovow
= { definition of [] }

pure [Abs (Abs (Abs ((24 1) x0)))Jouovow
= { lifting lemma }

Z[Abs (Abs (Abs ((24+ 1) 0)))]oucvow
= { definition of 7 }

pure (%) o (pure (+) uv)ow
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The lifting lemma, general form

Z[e]n = pure [e] ¢ zipn

zip ¢ (Idiom () = Env ¢ p — t (Env Id p)
zip () = pure ()
zip (n,v) = pure (,) onov
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Proof: Case e = Con v:

pure [Con v] ¢ zip n
=  { definition of [] }
pure (K v) o zipn
= { idiom homomorphism }
pure K ¢ pure v ¢ zip |
= { combinatory model condition I }
pure v
= { definition of 7 }
Z[Con v]n
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Proof: Case e = Var n:

pure [Var n] ¢ zip n
=  { definition of [] }
pure (accn) o zip 1
= { Lemma: pure (accn)ozipn=accnn }
accnm
= { definition of 7 }
Z[Var n]n
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Proof: Case e = App e e;:
pure [App ej ez] ¢ zipn
=  { definition of [] }
pure (S [e1] [e2]) o zipn
= {idiom homomorphism }
pure S ¢ pure [e1] ¢ pure [ez] ¢ zipn
= { combinatory model condition II }
(pure [e1] o zip ) o (pure [e>] o zip n)
= { ex hypothesi }
Zlerln o Z[e2n
= { definition of 7 }

Z[App €1 e2]n
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Proof: Case ¢ = Abse:

pure [Abs €] ¢ zip n
=  { definition of [] }

pure (curry [e]) ¢ zip n

=  { proof obligation (see next slide) }

= { definition of 7 }
Z[Abs e]n
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Proof obligation

pure (curry [e]) ozipn =f£
= { extensionality }

pure (curry [e]) ozipnov=£fov
= { definition of f }

pure (curry [e]) ¢ zipnov =Z[e[(n,v)
&  {curry-lemma (see above) }

pure [e] o (zipn*v) = Z[e[(n,v)
= { definition of zip }

pure [e] ¢ (zip (n,v)) = Z[e](n,v)
— { ex hypothesi }

True
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What about ...

T \/;

Set: 4, but Al-calculus;
Vector: +/;

Maybe: 4, but Al-calculus;
IO: 4, but NF Lemma;
Stream: /.
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