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Using the algebraic approach to promise constraint satisfaction problems, we establish complexity classifica-

tions of three natural variants of hypergraph colourings: standard nonmonochromatic colourings, conflict-free

colourings, and linearly-ordered colourings.

Firstly, we show that finding an ℓ-colouring of a 𝑘-colourable 𝑟 -uniform hypergraph is NP-hard for all

constant 2 ≤ 𝑘 ≤ ℓ and 𝑟 ≥ 3. This provides a shorter proof of a celebrated result by Dinur, Regev, and

Smyth [FOCS’02/Combinatorica’05].

Secondly, we show that finding an ℓ-conflict-free colouring of an 𝑟 -uniform hypergraph that admits a

𝑘-conflict-free colouring is NP-hard for all constant 2 ≤ 𝑘 ≤ ℓ and 𝑟 ≥ 4, except for 𝑟 = 4 and 𝑘 = 2 (and any

ℓ); this case is solvable in polynomial time. The case of 𝑟 = 3 is the standard nonmonochromatic colouring,

and the case of 𝑟 = 2 is the notoriously difficult open problem of approximate graph colouring.

Thirdly, we show that finding an ℓ-linearly-ordered colouring of an 𝑟 -uniform hypergraph that admits a

𝑘-linearly-ordered colouring is NP-hard for all constant 3 ≤ 𝑘 ≤ ℓ and 𝑟 ≥ 4, thus improving on the results of

Nakajima and Živný [ICALP’22/ACM ToCT’23].
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1 Introduction
Graph colouring. Graph colouring is one of the most studied computational problems: Given

a graph 𝐺 and an integer 𝑘 , is there a 𝑘-colouring, i.e., an assignment of one of 𝑘 colours to the

vertices of the graph so that adjacent vertices are assigned different colours?

Deciding the existence of a 3-colouring is one of Karp’s 21 NP-complete problems [19]. Since

finding a graph colouring with the smallest number of colours is NP-hard, there has been much
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interest in the approximate graph colouring (AGC) problem: Given a graph𝐺 that admits a colouring

with 𝑘 colours, find a colouring with ℓ colours for some 𝑘 ≤ ℓ . It is believed that for every constant

3 ≤ 𝑘 ≤ ℓ , this problem remains NP-hard [14]. While some conditional results are known (e.g. AGC

is NP-hard if we assume the 2-to-1 conjecture with perfect completeness [10, 20], or only the 𝑑-to-1

conjecture [17]), proving unconditional results seems elusive. The strongest results known so far

are for ℓ = 2𝑘 − 1 [5] and ℓ =
(
𝑘

⌊𝑘/2⌋
)
− 1 [22] (the first result is stronger for 𝑘 = 3, 4, and equal to

the second for 𝑘 = 5). As progress on proving the hardness of AGC seems to have hit a barrier,

it is natural to try to attack variants of AGC, to see if any of the ideas and insights from those

problems could apply to the AGC. In this paper, we will focus on hypergraph generalisations of

graph colourings.

An (undirected) 𝑟 -uniform hypergraph is a pair (𝑉 , 𝐸), where 𝑉 is the vertex set and 𝐸 ⊆ 𝑉 𝑟 is a
set of 𝑟 -tuples that is closed under permutation of coordinates. Note that a 2-uniform hypergraph

is a graph. A colouring of a graph (𝑉 , 𝐸) is an assignment of colours 𝑐 (𝑣) to the vertices 𝑣 ∈ 𝑉 such

that for every edge (𝑢, 𝑣) ∈ 𝐸 we have 𝑐 (𝑢) ≠ 𝑐 (𝑣). The following three equivalent formulations

describe the same condition: For every edge (𝑢, 𝑣) ∈ 𝐸 we have that (i) the set {𝑐 (𝑢), 𝑐 (𝑣)} contains
at least 2 elements, or (ii) some colour in the multiset {{𝑐 (𝑢), 𝑐 (𝑣)}} appears exactly once, or (iii)

the largest colour in the multiset {{𝑐 (𝑢), 𝑐 (𝑣)}} appears exactly once.1 When these three definitions

are applied to hypergraphs, we get three different notions, namely nonmonochromatic (NAE)

colourings, conflict-free (CF) colourings, and linearly-ordered (LO) colourings. Note that any LO

colouring is a CF colouring, and any CF colouring is an NAE colouring. The three notions of

colourings are different already for 4-uniform
2
hypergraphs.

3

Promise CSPs. Wewill now review themost relevant literature on the three variants of hypergraph

colourings. It will be convenient to present the existing results in the framework of so-called promise
constraint satisfaction problems (PCSPs) [3, 7], as we shall use the tools developed for understanding
the computational complexity of PCSPs [5]. Constraint satisfaction problems (CSPs) are problems

that can be cast as homomorphisms between relational structures. We will only need a special case

of relational structures that contain only one relation. Formally, a relational structure A = (𝐴, 𝑅A)
is a pair, where 𝐴 is the universe of A and 𝑅A ⊆ 𝐴𝑟 is an 𝑟 -ary relation. By abuse of language, we

call 𝑟 the arity of A, and we will often say x is a tuple in A when we mean x ∈ 𝑅A.
Note that graphs and uniform hypergraphs are relational structures, where the universe is the

vertex set and the relation is the edge set — the arity of the relation is 2 for graphs and 𝑟 for

𝑟 -uniform hypergraphs. A homomorphism from one relational structure of arity 𝑟 , say A = (𝐴, 𝑅A),
to another of the same arity, say B = (𝐵, 𝑅B), is a map ℎ : 𝐴 → 𝐵 that preserves the relation: if

(𝑎1, . . . , 𝑎𝑟 ) ∈ 𝑅A then (ℎ(𝑎1), . . . , ℎ(𝑎𝑟 )) ∈ 𝑅B. We denote the existence of a homomorphism from

A to B by writing A → B.
Given two relational structures A and Bwith A → B, the promise constraint satisfaction problem

with template (A,B), denoted by PCSP(A,B), is the following computational problem. Given a

relational structure X with the promise X → A, find a homomorphism from X to B. This is the
search version of the problem. In the decision version, one is given a relational structure X with

the same arity as A and the task is to output Yes if X → A and No if 𝑋 ̸→ B. Since the decision
version reduces to the search version, solving the decision version is no harder than solving the

search version. All of our results will hold for both versions — hardness results will hold even for

the decision version, and tractability results will hold even for the search version.

1
This notion assumes that the colours are taken from a totally ordered set, e.g., the natural numbers.

2
For 3-uniform hypergraphs, NAE and CF colourings coincide, but LO colourings are different.

3
Indeed, the edge (𝑎,𝑏, 𝑐,𝑑 ) could be assigned colours {{1, 1, 2, 2}} in an NAE colouring, but not in the other two; whereas

the edge could be assigned colours {{1, 2, 2, 2}} in a CF colouring, but not in an LO colouring.
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In order to cast approximate hypergraph NAE/CF/LO-colourings as PCSPs, we will need to

encode the NAE/CF/LO-colourability of a hypergraph by a homomorphism to a suitable relational

structure. We will thus describe three families of relational structures capturing the three types of

hypergraph colourings mentioned above (and therefore implicitly graph colouring). For any arity

𝑟 ≥ 2 and domain size 𝑘 , we define:4

NAE𝑟
𝑘
= ({0, 1, . . . , 𝑘 − 1}, {(𝑥1, . . . , 𝑥𝑟 ) | ∃ 𝑖, 𝑗 ∈ [𝑟 ] : 𝑥𝑖 ≠ 𝑥 𝑗 }),

CF𝑟
𝑘
= ({0, 1, . . . , 𝑘 − 1}, {(𝑥1, . . . , 𝑥𝑟 ) | ∃ 𝑖 ∈ [𝑟 ] ∀ 𝑗 ≠ 𝑖 ∈ [𝑟 ] : 𝑥𝑖 ≠ 𝑥 𝑗 }),

LO𝑟
𝑘
= ({0, 1, . . . , 𝑘 − 1}, {(𝑥1, . . . , 𝑥𝑟 ) | ∃ 𝑖 ∈ [𝑟 ] ∀ 𝑗 ≠ 𝑖 ∈ [𝑟 ] : 𝑥𝑖 > 𝑥 𝑗 }) .

Observe that an 𝑟 -uniform hypergraph X has an NAE 𝑘-colouring if and only if X → NAE𝑟
𝑘
.

The analogous statement holds for CF and LO colourings. Since NAE, LO and CF colourings

are all identical to graph colouring on uniformity 2, we see that 𝑘 vs. ℓ AGC is the same as

PCSP(NAE2
𝑘
,NAE2ℓ ) — or equivalently PCSP(CF2

𝑘
,CF2ℓ ) or PCSP(LO2

𝑘
, LO2

ℓ ).
Other studied notions of hypergraph colourings include strong hypergraph colouring [6] and

rainbow hypergraph colouring [2, 16, 18].

Nonmonochromatic colourings. The most studied hypergraph colourings are nonmonochromatic

colourings, also known as weak hypergraph colourings. This is the weakest non-trivial restriction

one can impose when colouring the vertices of a hypergraph, i.e., any type of hypergraph colouring

(that excludes constant colourings) is also a nonmonochromatic colouring. As mentioned before,

nonmonochromatic 𝑘-colourings of an 𝑟 -uniform hypergraph correspond to homomorphisms from

the hypergraph to NAE𝑟
𝑘
. Since nonmonochromatic colouring is NP-hard for any uniformity 𝑟 ≥ 3

and number of colours 𝑘 ≥ 2, an investigation of the approximate version led to the following

result (the arity ≥ 4 case was shown in [15] without the use of topology, while the arity 3 case was

shown in [11] relying on the higher chromatic number of Kneser and Schrijver graphs):

Theorem 1. PCSP(NAE𝑟
𝑘
,NAE𝑟ℓ ) is NP-hard for all constant 2 ≤ 𝑘 ≤ ℓ and 𝑟 ≥ 3.

In this paper we will provide a simpler proof of this result. The proof in [11] relies on constructing

a somewhat ad-hoc reduction and analysing its completeness and soundness. We recast this proof

in the recent algebraic framework for PCSPs [5]. We also avoid the use of Schrijver graphs, working

only with the simpler Kneser graphs, plus a (correct and very easy) case of Hedetniemi’s conjecture
5

(cf. Lemma 9). We believe that our simplification is of interest since it replaces a more quantitative

analysis of the polymorphisms (i.e. bounds are functions of the arity) with one that only deals with

constant bounds everywhere.

Conflict-free colourings. A conflict-free hypergraph colouring is a colouring of the vertices in

a hypergraph such that every hyperedge has at least one uniquely coloured vertex [12, 27]. As

mentioned before, conflict-free 𝑘-colourings of an 𝑟 -uniform hypergraph correspond to homomor-

phisms from the hypergraph to CF𝑟
𝑘
. We shall determine the complexity of PCSP(CF𝑟

𝑘
,CF𝑟ℓ ) for all

constants 2 ≤ 𝑘 ≤ ℓ and 𝑟 ≥ 3 (the case of 𝑟 = 3 corresponding to nonmonochromatic colourings,

i.e., CF3
𝑘
= NAE3

𝑘
for every 𝑘).

After the easy observation that PCSP(CF𝑟
𝑘
,CF𝑟ℓ ) reduces to PCSP(CF𝑟+𝑡

𝑘
,CF𝑟+𝑡ℓ ) for 𝑡 ≥ 2 (de-

scribed in Lemma 6 in Section 2), Theorem 1 directly implies NP-hardness for promise conflict-free

colouring for uniformity 𝑟 ≥ 5. The crux of the result is to deal with the case of uniformity 𝑟 = 4.

Note that finding a conflict-free colouring of a 4-uniform hypergraph using 2 colours is identical to

solving systems of equations of the form 𝑥 + 𝑦 + 𝑧 + 𝑡 ≡ 1 (mod 2) over Z2, and is hence in P and

4
For any positive integer 𝑛, we write [𝑛] for the set {1, 2, . . . , 𝑛}.

5
Note that Hedetniemi’s conjecture was proved false in the general case [26].
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consequently so is PCSP(CF4
2
,CF4ℓ ) for every ℓ ≥ 2. We resolve the only remaining case, showing

in Section 3.3 that PCSP(CF4
𝑘
,CF4ℓ ) is NP-hard for all 3 ≤ 𝑘 ≤ ℓ . Summarising, we have

Theorem 2. PCSP(CF𝑟
𝑘
,CF𝑟ℓ ) is NP-hard for all constant 2 ≤ 𝑘 ≤ ℓ and 𝑟 ≥ 3, except for 𝑘 = 2 and

𝑟 = 4, which is in P.

This also immediately implies the following (much weaker) corollary, which does not appear to

have been known in the CF-colouring literature.

Corollary 3. It is NP-hard to approximate the conflict-free chromatic number6 of a hypergraph to
within any constant factor, even if it is 𝑟 -uniform for some constant 𝑟 ≥ 3.

Linearly-ordered colourings. A linearly-ordered [4] (or unique-maximum [9]) hypergraph colour-

ing is a colouring of the vertices in a hypergraph with linearly-ordered colours such that the

maximum colour in every hyperedge is unique. As mentioned before, linearly-ordered 𝑘-colourings

of an 𝑟 -uniform hypergraph correspond to homomorphisms from the hypergraph to LO𝑟
𝑘
.

Barto, Battistelli, and Berg [4] conjectured that PCSP(LO3

𝑘
, LO3

ℓ ) is NP-hard for all constant

2 ≤ 𝑘 ≤ ℓ . Building on the topological methods of Krokhin, Opršal, Wrochna, and Živný [22], Fi-

lakovský, Nakajima, Opršal, Tasinato, andWagner [13] establishedNP-hardness of PCSP(LO3

3
, LO3

4
).

This result was recently subsumed by NP-hardness of PCSP(LO3

2
, LO3

3
) shown by Krokhin and

Vagnozzi [21] (via a simple reduction that gives NP-hardness of PCSP(LO3

𝑘
, LO3

𝑘+1) for all 𝑘 ≥ 2).

For higher arities (𝑟 ≥ 4), Nakajima and Živný [25] showed NP-hardness of PCSP(LO𝑟
𝑘
, LO𝑟ℓ )

for every 2 ≤ 𝑘 ≤ ℓ whenever 𝑟 ≥ ℓ − 𝑘 + 4. We strengthen this result, showing NP-hardness of
PCSP(LO𝑟

𝑘
, LO𝑟ℓ ) for 3 ≤ 𝑘 ≤ ℓ for every 𝑟 ≥ 4.

Theorem 4. PCSP(LO𝑟
𝑘
, LO𝑟ℓ ) is NP-hard for all constant 3 ≤ 𝑘 ≤ ℓ and 𝑟 ≥ 4.

Observe that this theorem covers nearly all the cases from the result of [25]: the only case not

covered is 𝑘 = 2 and 𝑟 ≥ ℓ + 2. In particular, Theorem 4 has no requirement on 𝑟 in terms of ℓ ,

unlike the result in [25]. Indeed, Theorem 4 covers the full range of parameters except for the cases

𝑟 = 3 or 𝑘 = 2 (and thus the conjecture of Barto et al. remains open).

It is worth digressing somewhat to discuss the appearance of topological methods within these

proofs. Our proof uses the chromatic number of the Kneser graph as an essential ingredient —

this is a topological fact, and thus our proof is in some sense topological. (This is similar to the

appearance of topology within hardness proofs for rainbow colourings [2].) On the other hand,

the topological approach of [13], which proved that PCSP(LO3

3
, LO3

4
) is NP-hard, is rather different.

It assigns each relational structure an equivariant simplicial complex in a “nice enough” way so

that the topological properties of these simplicial complexes imply the hardness of the original

template. It would be interesting to see if these two approaches can be merged, or combined to

strengthen both.

2 Preliminaries
Let (A,B) be a PCSP template with A and B of arity 𝑟 . A polymorphism of arity 𝑛 = ar(𝑓 ) of (A,B)
is a function 𝑓 : 𝐴𝑛 → 𝐵 such that if 𝑓 is applied component-wise to any 𝑛-tuple of elements of 𝑅A

it gives an element of 𝑅B. In more detail, whenever (𝑎𝑖 𝑗 ) is an 𝑟 × 𝑛 matrix such that every column

is in 𝑅A, then 𝑓 applied to the rows gives an 𝑟 -tuple which is in 𝑅B. We denote by Pol
(𝑛) (A,B) the

collection of 𝑛-ary polymorphisms of (A,B), and we let Pol(A,B) = ⋃
𝑛 Pol

(𝑛) (A,B).
For an 𝑛-ary function 𝑓 : 𝐴𝑛 → 𝐵 and a map 𝜋 : [𝑛] → [𝑚], we say that an𝑚-ary function

𝑔 : 𝐴𝑚 → 𝐵 is the minor of 𝑓 given by 𝜋 if 𝑔(𝑥1, . . . , 𝑥𝑚) = 𝑓 (𝑥𝜋 (1) , . . . , 𝑥𝜋 (𝑛) ). We write 𝑓
𝜋−→ 𝑔 if 𝑔

is the minor of 𝑓 given by 𝜋 . Note that Pol(A,B) is closed under minors.

6
That is, the minimum number of colours needed to CF-colour a given hypergraph.
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We use ≤𝑝 to denote a polynomial-time many-one reduction.

Theorem 5 ([7]). If Pol(A,B) ⊆ Pol(A′,B′) then PCSP(A′,B′) ≤𝑝 PCSP(A,B).

Lemma 6. For any 𝑡 ≥ 2, PCSP(CF𝑟
𝑘
,CF𝑟ℓ ) ≤𝑝 PCSP(CF𝑟+𝑡

𝑘
,CF𝑟+𝑡ℓ ).

Proof. We will use Theorem 5 and show that Pol(CF𝑟+𝑡
𝑘
,CF𝑟+𝑡ℓ ) ⊆ Pol(CF𝑟

𝑘
,CF𝑟ℓ ). Suppose

𝑓 ∈ Pol
(𝑛) (CF𝑟+𝑡

𝑘
,CF𝑟+𝑡ℓ ). Consider any 𝑟 × 𝑛 matrix 𝐴 with rows a1, . . . , a𝑟 ∈ [𝑘]𝑛 such that

every column in the matrix has a unique entry. We can choose b ∈ [𝑘]𝑛 such that each column

in the (𝑟 + 𝑡) × 𝑛 matrix 𝐴′
with rows a1, . . . , a𝑟 , and 𝑡 copies of b has a unique entry: choose

element 𝑖 of b to be any value in [𝑘] other than the unique entry in the 𝑖-th column of 𝐴. Since

𝑓 is a polymorphism of (CF𝑟
𝑘
,CF𝑟ℓ ), we get that (𝑓 (a1), . . . , 𝑓 (a𝑟 ), 𝑓 (b), . . . , 𝑓 (b)) has a unique

entry. Since 𝑡 ≥ 2, (𝑓 (a1), . . . , 𝑓 (a𝑟 )) must also have a unique entry. Thus 𝑓 ∈ Pol
(𝑛) (CF𝑟

𝑘
,CF𝑟ℓ ) as

required. □

An ℓ-chain of minors is a sequence of the form 𝑓0
𝜋0,1−−→ 𝑓1

𝜋1,2−−→ · · ·
𝜋ℓ−1,ℓ−−−−→ 𝑓ℓ . We shall then write

𝜋𝑖, 𝑗 : [ar(𝑓𝑖 )] → [ar(𝑓𝑗 )] for the composition of 𝜋𝑖,𝑖+1, . . . , 𝜋 𝑗−1, 𝑗 , for any 0 ≤ 𝑖 < 𝑗 ≤ ℓ . Note that

𝑓𝑖
𝜋𝑖,𝑗−−→ 𝑓𝑗 . We shall use the following NP-hardness criterion for PCSPs.

Theorem 7 ([8]). Suppose there are constants 𝑘, ℓ and an assignment sel which, for every 𝑓 ∈
Pol(A,B), outputs a set sel(𝑓 ) ⊆ [𝑛] of size at most 𝑘 , where 𝑛 is the arity of 𝑓 . Suppose furthermore
that for every ℓ-chain of minors there is a pair 𝑖 < 𝑗 such that 𝜋𝑖, 𝑗 (sel(𝑓𝑖 )) ∩ sel(𝑓𝑗 ) ≠ ∅. Then,
PCSP(A,B) is NP-hard.

For a graph𝐺 , the chromatic number of𝐺 , denoted by 𝜒 (𝐺), is the smallest 𝑘 such that𝐺 → 𝐾𝑘 ,

where 𝐾𝑘 is the clique on 𝑘 vertices. We will rely on Lovász’s result for the chromatic number of

Kneser graphs [23]. For 1 ≤ ℎ ≤ |𝐴|, write 𝐴 (ℎ)
for the family of subsets of 𝐴 of size ℎ. The Kneser

graph is defined as KG(𝐴,ℎ) = (𝐴 (ℎ) , 𝐸), where {𝑃,𝑄} ∈ 𝐸 if and only if 𝑃 ∩𝑄 = ∅. For the special
case 𝐴 = [𝑛], we use the notation KG(𝑛,ℎ) = KG( [𝑛], ℎ).

Theorem 8 ([23]). 𝜒 (KG(𝑛,ℎ)) = 𝑛 − 2ℎ + 2 for any 𝑛 ∈ N, 1 ≤ ℎ ≤ 𝑛/2.

Lemma 9. Let 𝜒 (𝐺) > 𝑛. Then 𝜒 (𝐺 × 𝐾𝑛+1) > 𝑛.7

Proof. We show the contrapositive: suppose there is a homomorphism 𝐺 × 𝐾𝑛+1 → 𝐾𝑛 .

Equivalently, there is a homomorphism 𝐺 → 𝐾
𝐾𝑛+1
𝑛 , where 𝐾

𝐾𝑛+1
𝑛 is the graph with vertex set

{𝑓 : [𝑛 + 1] → [𝑛]}, and 𝑓 and 𝑔 adjacent if for every distinct 𝑖, 𝑗 ∈ [𝑛 + 1], 𝑓 (𝑖) ≠ 𝑔( 𝑗). This is
equivalent since every homomorphism 𝑓 : 𝐺 × 𝐾𝑛+1 → 𝐾𝑛 corresponds uniquely to the homomor-

phism 𝑓 ′ : 𝐺 → 𝐾
𝐾𝑛+1
𝑛 given by 𝑓 ′ (𝑢) = (𝑣 ↦→ 𝑓 (𝑢, 𝑣)). There is also a homomorphism 𝐾

𝐾𝑛+1
𝑛 → 𝐾𝑛 :

map any 𝑓 ∈ 𝑉 (𝐾𝐾𝑛+1
𝑛 ) to an arbitrary repeating element in the range of 𝑓 (at least one must exist

by the pigeonhole principle). Thus 𝐺 → 𝐾𝑛 . □

If A → A′ → B′ → B then (A,B) is a homomorphic relaxation of (A′,B′). In this case it follows

from the definitions that PCSP(A,B) ≤𝑝 PCSP(A′,B′) [5].

3 Proofs of hardness
3.1 Avoiding sets imply hardness
Our hardness proofs will revolve around the notion of avoiding sets for polymorphisms [5], defined

below. For 𝑋 ⊆ [𝑛], we denote by 1𝑋 the indicator vector of 𝑋 : it is the 𝑛-dimensional vector with

(1𝑋 )𝑖 = 1 for 𝑖 ∈ 𝑋 and (1𝑋 )𝑖 = 0 for 𝑖 ∈ [𝑛] \ 𝑋 .
7
Here × denotes the tensor product of two graphs.
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Definition 10. Take 𝐴 so that {0, 1} ⊆ 𝐴. Let 𝑓 : 𝐴𝑛 → 𝐵 and 𝑇 ⊆ 𝐵. A 𝑇 -avoiding set for 𝑓 is a
set 𝑃 ⊆ [𝑛] such that for any 𝑅 ⊇ 𝑃 , we have 𝑓 (1𝑅) ∉ 𝑇 . For 𝑡 ∈ N, we call a set 𝑃 𝑡-avoiding for 𝑓

if it is 𝑇 -avoiding for 𝑓 for some subset 𝑇 ⊆ 𝐵 of size 𝑡 .

We will first collect some simple properties of avoiding sets.

Lemma 11. Let 𝑓 : 𝐴𝑛 → 𝐵 and ℓ = |𝐵 |.
(i) There are no ℓ-avoiding sets for 𝑓 .
(ii) [𝑛] is an (ℓ − 1)-avoiding set for 𝑓 .
(iii) If𝑈 is 𝑇 -avoiding for 𝑓 then so is every 𝑉 ⊇ 𝑈 .
(iv) Take 𝜋 : [𝑛] → [𝑚] and suppose 𝑓 𝜋−→ 𝑔 for some 𝑔 : 𝐴𝑚 → 𝐵. Suppose 𝑃 ⊆ [𝑛] is 𝑇 -avoiding

for 𝑓 . Then 𝜋 (𝑃) is 𝑇 -avoiding for 𝑔.

Proof. For (𝑖), observe that any ℓ-avoiding set would imply that 𝑓 (1[𝑛]) ∉ 𝐵, which is impossible.

For (𝑖𝑖), note that [𝑛] is (𝐵 \ {𝑓 (1[𝑛])})-avoiding, and hence (ℓ − 1)-avoiding. (𝑖𝑖𝑖) follows from
the definitions. For (𝑖𝑣), first observe that 𝑔(1𝑋 ) = 𝑓 (1𝜋−1 (𝑋 ) ). For contradiction, suppose 𝜋 (𝑃) is
not𝑇 -avoiding for 𝑔, i.e., there exists 𝑅 ⊇ 𝜋 (𝑃) with 𝑔(1𝑅) ∈ 𝑇 . Then 𝜋−1 (𝑅) ⊇ 𝑃 , and furthermore

𝑓 (1𝜋−1 (𝑅) ) = 𝑔(1𝑅) ∈ 𝑇 . Hence 𝑃 is not 𝑇 -avoiding for 𝑓 . □

To apply Theorem 7, we want to build sel(𝑓 ) out of (small) avoiding sets for 𝑓 . This is a good

idea because avoiding sets are preserved by minors, as shown in Lemma 11 (iv). The issue is that we

might have too many avoiding sets. For the polymorphisms in this paper, many (small) 𝑡-avoiding

sets which are pairwise disjoint imply the existence of a (small) (𝑡 + 1)-avoiding set. Thus, since

there can be no sets that avoid every output in the range, as shown in Lemma 11 (i), there must be

some maximal 𝑡 for which a (small) avoiding set exists. By maximality, there cannot be too many

disjoint 𝑡-avoiding sets. Thus, we can build sel(𝑓 ) out of these disjoint “maximally avoiding” sets.

Theorem 12. Let (A,B) be a PCSP template with {0, 1} ⊆ 𝐴 and ℓ = |𝐵 |. Suppose that there exist
constants 𝑁, {𝛼𝑡 }ℓ𝑡=1, {𝛽𝑡 }ℓ𝑡=1 such that every 𝑓 ∈ Pol(A,B) has the following properties:
(1) 𝑓 has a 1-avoiding set of size ≤ 𝛽1.
(2) If 𝑓 is of arity ≥ 𝑁 and has a disjoint family of > 𝛼𝑡 many 𝑡-avoiding sets, all of size ≤ 𝛽𝑡 , then

𝑓 has a (𝑡 + 1)-avoiding set of size ≤ 𝛽𝑡+1.
Then, PCSP(A,B) is NP-hard.

Proof. For each 𝑓 ∈ Pol(A,B), define 𝑡 (𝑓 ) to be the maximal 𝑡 such that 𝑓 has a 𝑡-avoiding set

of size ≤ 𝛽𝑡 . By Assumption 1 and the lack of ℓ-avoiding sets (cf. Lemma 11 (i)), 𝑡 (𝑓 ) exists and
1 ≤ 𝑡 (𝑓 ) < ℓ . For each 𝑓 ∈ Pol(A,B), let F𝑓 be amaximal disjoint family of 𝑡 (𝑓 )-avoiding sets of size
≤ 𝛽𝑡 (𝑓 ) . Define sel(𝑓 ) =

⋃F𝑓 . Then by Assumption 2, | sel(𝑓 ) | ≤ max{𝑁,max1≤𝑡<ℓ 𝛼𝑡𝛽𝑡 } C 𝑘 .

Using Theorem 7, it remains to show that for every ℓ-chain of minors there are 𝑖, 𝑗 such that

𝜋𝑖, 𝑗 (sel (𝑓𝑖 )) ∩ sel

(
𝑓𝑗
)
≠ ∅. Let 𝑓0

𝜋0,1−−→ 𝑓1
𝜋1,2−−→ · · ·

𝜋ℓ−1,ℓ−−−−→ 𝑓ℓ be such a chain. Since 1 ≤ 𝑡 (𝑓𝑖 ) < ℓ ,

there are distinct 𝑖, 𝑗 such that 𝑡 (𝑓𝑖 ) = 𝑡 (𝑓𝑗 ) C 𝑡 . By Lemma 11 (iv), for every 𝑡-avoiding set 𝑃 of 𝑓𝑖 ,

𝜋𝑖, 𝑗 (𝑃) is 𝑡-avoiding for 𝑓𝑗 . Hence by maximality of F𝑓𝑗 , 𝜋𝑖, 𝑗 (𝑃) intersects sel(𝑓𝑗 ). Since sel(𝑓𝑖 ) is
the union of such sets, certainly 𝜋𝑖, 𝑗 (sel(𝑓𝑖 )) intersects sel(𝑓𝑗 ). □

The rest of this paper will show hardness of certain PCSP templates by Theorem 12.

3.2 Hardness of promise nonmonochromatic colouring
In this section we prove the advertised hardness results for NAE colouring. The most important case

is PCSP(NAE3
2
,NAE3ℓ ) for ℓ ≥ 2; all other cases derive from this one by either gadget reductions or

homomorphic relaxations.
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Lemma 13. Let ℓ ≥ 2 and 𝑛 ∈ N. Any 𝑓 ∈ Pol
(𝑛) (NAE3

2
,NAE3ℓ ) has a 1-avoiding set of size ≤ ℓ .

Proof. By Lemma 11 (ii), [𝑛] is an (ℓ − 1)-avoiding set and hence a 1-avoiding set. Thus if 𝑛 ≤ ℓ ,

we are done. Otherwise assume 𝑛 > ℓ . Let ℎ =
⌈
𝑛−ℓ
2

⌉
. Consider the Kneser graph KG(𝑛,ℎ), and

colour each vertex 𝑃 by 𝑓 (1𝑃 ). By Theorem 8, 𝜒 (KG(𝑛,ℎ)) = 𝑛 − 2ℎ + 2 > ℓ , so there are disjoint

sets 𝑃,𝑄 ∈ [𝑛] (ℎ) with the same colour 𝑓 (1𝑃 ) = 𝑓 (1𝑄 ) C 𝑏. Let 𝑋 ≔ [𝑛] \ (𝑃 ∪𝑄).
We claim that 𝑋 is a {𝑏}-avoiding set and thus 1-avoiding. Since |𝑋 | = 𝑛 − 2ℎ ≤ ℓ this completes

the proof. In order to prove the claim, consider any 𝑌 such that 𝑋 ⊆ 𝑌 ⊆ [𝑛]; we want to show

that 𝑓 (1𝑌 ) ≠ 𝑏. Construct a matrix in which each column corresponds to an element 𝑖 ∈ [𝑛] and
whose rows are 1𝑃 , 1𝑄 , 1𝑌 . Observe that since 𝑃 ∪ 𝑄 ∪ 𝑌 = [𝑛] (as 𝑃,𝑄,𝑋 is a partition of [𝑛]),
no column contains only 0s. Similarly since 𝑃 ∩𝑄 ∩ 𝑌 = ∅ (as 𝑃 and 𝑄 are disjoint), no column

contains only 1s. Hence all the columns of the matrix whose rows are 1𝑃 , 1𝑄 , 1𝑌 are tuples of NAE3
2
.

Since 𝑓 is a polymorphism of (NAE3
2
,NAE3ℓ ), (𝑓 (1𝑃 ), 𝑓 (1𝑄 ), 𝑓 (1𝑌 )) must be a tuple in NAE3ℓ . But

𝑓 (1𝑃 ) = 𝑓 (1𝑄 ) = 𝑏, so 𝑓 (1𝑌 ) ≠ 𝑏 as required. Thus 𝑋 is 1-avoiding. □

Lemma 14. Let 1 ≤ 𝑡 < ℓ and 𝑛 ≥ (ℓ + 1)ℓ𝑡 + ℓ + 1. Suppose 𝑓 ∈ Pol
(𝑛) (NAE3

2
,NAE3ℓ ) has >

(
ℓ
𝑡

)
· ℓ

disjoint 𝑡-avoiding sets of size ≤ ℓ𝑡 . Then 𝑓 has a (𝑡 + 1)-avoiding set of size ≤ ℓ𝑡+1.

Proof. By assumption and the pigeonhole principle, 𝑓 has ≥ ℓ + 1 disjoint sets 𝑆1, . . . , 𝑆ℓ+1 ⊆ [𝑛]
of size ≤ ℓ𝑡 that avoid the same 𝑇 ⊆ {0, 1, . . . ℓ − 1} of size |𝑇 | = 𝑡 . Let 𝑅 ≔ [𝑛] \ (𝑆1 ∪ · · · ∪ 𝑆ℓ+1).
Let ℎ =

⌈
|𝑅 |−ℓ
2

⌉
. We have ℎ ≥ 0 by the lower bound on 𝑛.

Consider subsets of [𝑛] which are the union of exactly one of 𝑆1, . . . , 𝑆ℓ+1, and a subset of 𝑅 of

size ℎ; let S be the collection of such subsets. We want to find two disjoint sets 𝑃,𝑄 ∈ S such that

𝑓 (1𝑃 ) = 𝑓 (1𝑄 ). Observe that there is a bijection between S and the vertex set of 𝐾ℓ+1 × KG(𝑅,ℎ),
given by taking vertex (𝑖, 𝐴) of 𝐾ℓ+1 ×KG(𝑅,ℎ) to 𝑆𝑖 ∪𝐴 ∈ S. Furthermore, this bijection extends to

an isomorphism between the graph 𝐾ℓ+1 ×KG(𝑅,ℎ) and the graph whose vertex set is S and which

considers 𝑃,𝑄 ∈ S to be adjacent if and only if they are disjoint. By Lemma 9, 𝜒 (𝐾ℓ+1×KG(𝑅,ℎ)) > ℓ ,

so there must exist disjoint sets 𝑃,𝑄 ∈ S with 𝑓 (1𝑃 ) = 𝑓 (1𝑄 ) C 𝑏.

Since 𝑆𝑖 ⊆ 𝑃 for some 𝑖 , we have 𝑏 ∉ 𝑇 . Let 𝑋 B [𝑛] \ (𝑃 ∪𝑄). Identically to the reasoning in the

proof of Lemma 13, observe that for any 𝑌 ⊆ [𝑛] with 𝑋 ⊆ 𝑌 , 𝑓 (1𝑌 ) ≠ 𝑏. Moreover, 𝑋 ⊆ 𝑌 implies

𝑆 𝑗 ⊆ 𝑌 for (ℓ + 1) − 2 ≥ 1 different values of 𝑗 (i.e. those for which 𝑆 𝑗 ∉ {𝑃,𝑄}), hence 𝑓 (1𝑌 ) ∉ 𝑇 .
Thus 𝑋 is (𝑇 ∪ {𝑏})-avoiding, so (𝑡 + 1)-avoiding. Finally |𝑋 | ≤ ((ℓ + 1) − 2) · ℓ𝑡 + |𝑅 | − 2ℎ ≤
(ℓ − 1) · ℓ𝑡 + ℓ ≤ ℓ𝑡+1. □

Theorem 1. PCSP(NAE𝑟
𝑘
,NAE𝑟ℓ ) is NP-hard for all constant 2 ≤ 𝑘 ≤ ℓ and 𝑟 ≥ 3.

Proof. PCSP(NAE3
2
,NAE3ℓ ) is NP-hard for all ℓ ≥ 2 by Theorem 12, Lemma 13, and Lemma 14.

To extend NP-hardness to larger uniformities 𝑟 ≥ 3, it is sufficient to observe that the map

sending a 3-uniform hypergraph 𝐼 = (𝑉 , 𝐸) to the 𝑟 -uniform hypergraph 𝐼 ′ = (𝑉 , 𝐸′) where 𝐸′ =
{(𝑥,𝑦, 𝑧, . . . , 𝑧) | (𝑥,𝑦, 𝑧) ∈ 𝐸} describes a reduction PCSP(NAE3

2
,NAE3ℓ ) ≤𝑝 PCSP(NAE𝑟

2
,NAE𝑟ℓ ).

Finally, we can extend NP-hardness to any pair 𝑘 ≤ ℓ since by homomorphic relaxation we have

PCSP(NAE𝑟
2
,NAE𝑟ℓ ) ≤𝑝 PCSP(NAE𝑟

𝑘
,NAE𝑟ℓ ). □

3.3 Hardness of promise conflict-free and linearly-ordered colouring
In this section we prove the advertised hardness results for both LO and CF colourings. For the CF

colourings, by Lemma 6 it suffices to establish hardness for 𝑟 = 4. However, our proof is the same

for any 𝑟 ≥ 4 and thus we will present it that way. Since LO𝑟
𝑘
→ CF𝑟

𝑘
, we can then do both LO and

CF colourings “in one go” by proving the hardness of PCSP(LO𝑟
3
,CF𝑟ℓ ) for all ℓ ≥ 3 and 𝑟 ≥ 4. In

the following proofs, we let 0 denote the vector whose elements are all 0, and we let 2𝑋 denote a

“scaled indicator vector”: 2𝑋 = 2 · 1𝑋 .

ACM Trans. Comput. Theory, Vol. 1, No. 1, Article 1. Publication date: January 2026.



1:8 Tamio-Vesa Nakajima, Zephyr Verwimp, Marcin Wrochna, and Stanislav Živný

Lemma 15. Let ℓ ≥ 3 and 𝑟 ≥ 4. Then any 𝑓 ∈ Pol
(𝑛) (LO𝑟

3
,CF𝑟ℓ ) has a 1-avoiding set of size ≤ ℓ .

Proof. By Lemma 11 (ii), [𝑛] is an (ℓ − 1)-avoiding set and hence a 1-avoiding set. Thus if 𝑛 ≤ ℓ ,

we are done. Otherwise assume 𝑛 > ℓ , and set ℎ = ⌈𝑛−ℓ
2
⌉. Consider the Kneser graph KG(𝑛,ℎ), and

colour each vertex 𝑃 by 𝑓 (2𝑃 ). By Theorem 8, 𝜒 (KG(𝑛,ℎ)) = 𝑛 − 2ℎ + 2 > ℓ , so there exist disjoint

sets 𝑃,𝑄 ∈ [𝑛] (ℎ) such that 𝑓 (2𝑃 ) = 𝑓 (2𝑄 ). Let 𝑋 B [𝑛] \ (𝑃 ∪𝑄).
Now observe that for any 𝑌 ⊆ [𝑛] with 𝑋 ⊆ 𝑌 , all the columns of the 𝑟 × 𝑛 matrix whose

rows are 1𝑌 , 2𝑃 , 2𝑄 , and 𝑟 − 3 many copies of 0 are tuples of LO𝑟
3
. For 𝑖 ∈ 𝑃 , the unique maximum

is a 2 in the 2𝑃 row; for 𝑖 ∈ 𝑄 the unique maximum is a 2 in the 2𝑄 row; and for 𝑖 ∈ 𝑋 the

unique maximum is a 1 in the 1𝑌 row. Hence, since 𝑓 is a polymorphism of (LO𝑟
3
,CF𝑟ℓ ), we have

that (𝑓 (1𝑌 ), 𝑓 (2𝑃 ), 𝑓 (2𝑄 ), 𝑓 (0), . . . , 𝑓 (0)) is a tuple in CF𝑟ℓ . Since 𝑓 (2𝑃 ) = 𝑓 (2𝑄 ) we deduce that
𝑓 (1𝑌 ) ≠ 𝑓 (0). Thus it follows that 𝑋 is {𝑓 (0)}-avoiding, and thus 1-avoiding. Noting that 𝑋 has

size 𝑛 − 2ℎ ≤ ℓ completes the proof. □

Lemma 16. Let ℓ ≥ 3 and 𝑟 ≥ 4. Let 1 ≤ 𝑡 < ℓ , and suppose that 𝑓 ∈ Pol
(𝑛) (LO𝑟

3
,CF𝑟ℓ ) has a

disjoint family of >
(
ℓ
𝑡

)
ℓ many 𝑡-avoiding sets, all of size ≤ 𝑡ℓ . Then 𝑓 has a (𝑡 + 1)-avoiding set of

size ≤ (𝑡 + 1)ℓ .

Proof. By assumption and the pigeonhole principle, there is a family F of at least ℓ + 1 disjoint

𝑇 -avoiding sets of size ≤ 𝑡ℓ for some 𝑇 ⊆ {0, 1, . . . , ℓ − 1} of size 𝑡 . Let ℎ, 𝑃,𝑄,𝑋 be as in the proof

of Lemma 15 — thus 𝑃,𝑄 ∈ [𝑛] (ℎ) , 𝑋 ∈ [𝑛] (𝑛−2ℎ) , 𝑓 (2𝑃 ) = 𝑓 (2𝑄 ) and 𝑃,𝑄,𝑋 form a partition of

[𝑛]. Recall that |𝑋 | ≤ ℓ .

Now, since the sets in F are disjoint, at most ℓ of the sets in F intersect𝑋 . Thus, since |F | ≥ ℓ +1,
there is some 𝑍 ∈ F disjoint from 𝑋 . Let 𝐶 be any other set in F and define 𝐶′ = 𝐶 ∪ 𝑋 . Note that
|𝐶′ | ≤ (𝑡 + 1)ℓ . Note also that 𝑓 (1𝑍 ) ∉ 𝑇 as 𝑍 is 𝑇 -avoiding, hence |𝑇 ∪ {𝑓 (1𝑍 )}| = 𝑡 + 1. We will

show that 𝐶′
is (𝑇 ∪ {𝑓 (1𝑍 )})-avoiding, proving the result.

Since 𝐶 is 𝑇 -avoiding and 𝐶 ⊆ 𝐶′
, 𝐶′

is also 𝑇 -avoiding (cf. Lemma 11 (iii)). To see that 𝐶′
is

{𝑓 (1𝑍 )}-avoiding, note that for every 𝐷 ′ ⊆ [𝑛] with 𝐶′ ⊆ 𝐷 ′
, all the columns of the 𝑟 × 𝑛 matrix

whose rows are 1𝐷 ′ , 2𝑃 , 2𝑄 , and 𝑟 − 3 many copies of 1𝑍 are tuples of LO𝑟
3
. For 𝑖 ∈ 𝑃 (respectively

𝑖 ∈ 𝑄), the unique maximum is given by a 2 in the 2𝑃 row (respectively the 2𝑄 row). Since 𝑃,𝑄,𝑋

form a partition of [𝑛], it remains to consider 𝑖 ∈ 𝑋 . Since 𝑃,𝑄, 𝑍 are disjoint from 𝑋 , all the

2𝑃 , 2𝑄 , 1𝑍 rows have a 0 in these columns. On the other hand, the (unique) 1𝐷 ′ row has a 1, since

𝑖 ∈ 𝑋 ⊆ 𝐶′ ⊆ 𝐷 ′
. Hence we see that every column in the matrix is a tuple in LO𝑟

3
. Since 𝑓 is a

polymorphism of (LO𝑟
3
,CF𝑟ℓ ), (𝑓 (2𝑃 ), 𝑓 (2𝑄 ), 𝑓 (1𝐷 ′ ), 𝑓 (1𝑍 ), . . . , 𝑓 (1𝑍 )) is a tuple in CF𝑟ℓ .

Hence since 𝑓 (2𝑃 ) = 𝑓 (2𝑄 ), we have that 𝑓 (1𝐷 ′ ) ≠ 𝑓 (1𝑍 ). Thus 𝐶′
is a (𝑇 ∪ {𝑓 (1𝑍 )})-avoiding,

so (𝑡 + 1)-avoiding set as required. □

Theorem 17. PCSP(LO𝑟
3
,CF𝑟ℓ ) is NP-hard for all constant ℓ ≥ 3 and 𝑟 ≥ 4.

Proof. By Theorem 12, Lemma 15 and Lemma 16. □

Theorem 2 and Theorem 4 follow immediately:

Theorem 2. PCSP(CF𝑟
𝑘
,CF𝑟ℓ ) is NP-hard for all constant 2 ≤ 𝑘 ≤ ℓ and 𝑟 ≥ 3, except for 𝑘 = 2 and

𝑟 = 4, which is in P.

Proof. The case 𝑟 = 3 is given by Theorem 1 as NAE3
𝑘
= CF3

𝑘
for every 𝑘 ≥ 2. The case 𝑟 ≥ 5

and 2 ≤ 𝑘 ≤ ℓ follows from Theorem 1 and Lemma 6. For 𝑟 = 4 and 𝑘 = 2, recall from Section 1 that

CF4
2
is identical to solving systems of mod-2 equations of the form 𝑥 +𝑦 + 𝑧 + 𝑡 ≡ 1 (mod 2). Thus,

CSP(CF4
2
) and also PCSP(CF4

2
,CF4ℓ ) is in P by homomorphic relaxation. For 𝑟 = 4 and 3 ≤ 𝑘 ≤ ℓ ,

the result follows by Theorem 17 and by homomorphic relaxation. □
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Theorem 4. PCSP(LO𝑟
𝑘
, LO𝑟ℓ ) is NP-hard for all constant 3 ≤ 𝑘 ≤ ℓ and 𝑟 ≥ 4.

Proof. By Theorem 17 and by homomorphic relaxation as LO𝑟
3
→ LO𝑟

𝑘
and LO𝑟ℓ → CF𝑟ℓ . □

3.4 Extending hardness to other templates
In the above proofs of Lemma 15 and Lemma 16, the only required property of CF𝑟ℓ is that for every
tuple in the relation, if the first two entries are equal, then the remaining 𝑟 − 2 entries in the tuple

cannot all be equal. Thus, the same proof also shows a stronger result:

Definition 18. Define BNAE𝑠,𝑟−𝑠
ℓ

(Block-NAE) as the relational structure with domain {0, 1, . . . , ℓ−
1}, with a single 𝑟 -ary relation which contains the tuples for which if any 𝑠 entries are the same,

then the remaining 𝑟 − 𝑠 entries cannot all be the same. (This relation with 𝑠 = 2 is strictly larger

than the relation corresponding to CF𝑟ℓ when 𝑟 ≥ 6).

Then the exact same proof from Section 3.3 (replacing every occurrence of CF𝑟ℓ with BNAE2,𝑟−2
ℓ

)

shows that PCSP(LO𝑟
3
,BNAE2,𝑟−2

ℓ
) is NP-hard for all constant ℓ ≥ 3, 𝑟 ≥ 4.

In fact, using Kneser hypergraphs and the same proof technique, one can also show NP-hardness
of PCSP(LO𝑟

3
,BNAE𝑠,𝑟−𝑠

ℓ
) for all constant ℓ ≥ 3, 𝑟 ≥ 4, 2 ≤ 𝑠 ≤ 𝑟 − 2.

Definition 19. The 𝑠-uniform Kneser hypergraph is defined as KG
(𝑠 ) (𝐴,ℎ) = (𝐴 (ℎ) , 𝐸), where

{𝑃1, . . . , 𝑃𝑠 } ∈ 𝐸 if and only if {𝑃1, . . . , 𝑃𝑠 } is a collection of pairwise disjoint subsets of 𝐴 of size ℎ.

Again, for the special case 𝐴 = [𝑛], we use the notation KG
(𝑠 ) (𝑛,ℎ) = KG

(𝑠 ) ( [𝑛], ℎ).

There is an analogue of Lovász’s theorem for Kneser hypergraphs [1].
8

Theorem 20 ([1]). 𝜒 (KG(𝑠 ) (𝑛,ℎ)) =
⌈
𝑛−𝑠 (ℎ−1)

𝑠−1

⌉
for any 𝑛 ∈ N,1 ≤ ℎ ≤ 𝑛/𝑠 .

The proof of hardness then continues completely analogously (and is actually a generalisation of

the proof in Section 3.3), but is included for completeness.

Lemma 21. Let ℓ ≥ 3, 𝑟 ≥ 4, and 2 ≤ 𝑠 ≤ 𝑟 − 2. Then any 𝑓 ∈ Pol
(𝑛) (LO𝑟

3
,BNAE𝑠,𝑟−𝑠

ℓ
) has a

1-avoiding set of size ≤ ℓ (𝑠 − 1).

Proof. By Lemma 11 (ii), [𝑛] is an (ℓ − 1)-avoiding set and hence a 1-avoiding set. Thus if

𝑛 ≤ ℓ (𝑠 − 1), we are done. Otherwise assume 𝑛 > ℓ (𝑠 − 1), and set ℎ = ⌈𝑛−ℓ (𝑠−1)
𝑠

⌉. Consider the
Kneser graph KG

(𝑠 ) ( [𝑛], ℎ), and colour each vertex 𝑃 by 𝑓 (2𝑃 ). By Theorem 20, 𝜒 (KG(𝑠 ) (𝑛,ℎ)) =⌈
𝑛−𝑠 (ℎ−1)

𝑠−1

⌉
> ℓ , so there exist disjoint sets 𝑃1, . . . , 𝑃𝑠 ∈ [𝑛] (ℎ) such that 𝑓 (2𝑃1 ) = 𝑓 (2𝑃2 ) = · · · =

𝑓 (2𝑃𝑠 ). Let 𝑋 B [𝑛] \⋃𝑗∈[𝑠 ] 𝑃 𝑗 .
Now observe that for any𝑌 ⊆ [𝑛] with𝑋 ⊆ 𝑌 , all the columns of the 𝑟 ×𝑛 matrix whose rows are

1𝑌 , 2𝑃1 , 2𝑃2 , . . . , 2𝑃𝑠 , and 𝑟 −𝑠−1 many copies of 0 are tuples of LO𝑟
3
. For 𝑖 ∈ 𝑃 𝑗 , the unique maximum

is a 2 in the 2𝑃 𝑗 row; and for 𝑖 ∈ 𝑋 the unique maximum is a 1 in the 1𝑌 row. Hence, since 𝑓 is a

polymorphism of (LO𝑟
3
,BNAE𝑠,𝑟−𝑠

ℓ
), we have that (𝑓 (1𝑌 ), 𝑓 (2𝑃1 ), 𝑓 (2𝑃2 ), . . . , 𝑓 (2𝑃𝑠 ), 𝑓 (0), . . . , 𝑓 (0))

is a tuple in BNAE𝑠,𝑟−𝑠
ℓ

. Since 𝑓 (2𝑃1 ) = 𝑓 (2𝑃2 ) = · · · = 𝑓 (2𝑃𝑠 ) we deduce that 𝑓 (1𝑌 ) ≠ 𝑓 (0). Thus
it follows that 𝑋 is {𝑓 (0)}-avoiding, and thus 1-avoiding. Noting that 𝑋 has size 𝑛 − 𝑠ℎ ≤ ℓ (𝑠 − 1)
completes the proof. □

Lemma22. Let ℓ ≥ 3, 𝑟 ≥ 4, 2 ≤ 𝑠 ≤ 𝑟−2. Let 1 ≤ 𝑡 < ℓ , and suppose that 𝑓 ∈ Pol
(𝑛) (LO𝑟

3
,BNAE𝑠,𝑟−𝑠

ℓ
)

has a disjoint family of >
(
ℓ
𝑡

)
(𝑠 − 1)ℓ many 𝑡-avoiding sets, all of size ≤ 𝑡 (𝑠 − 1)ℓ . Then 𝑓 has a

(𝑡 + 1)-avoiding set of size ≤ (𝑡 + 1) (𝑠 − 1)ℓ
8
For an 𝑠-uniform hypergraph 𝐻 , the chromatic number (𝜒 (𝐻 )) of 𝐻 , is the smallest 𝑘 such that 𝐻 → NAE𝑠

𝑘
.
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Proof. By assumption and the pigeonhole principle, there is a family F of at least (𝑠 − 1)ℓ + 1

disjoint𝑇 -avoiding sets of size ≤ 𝑡 (𝑠 − 1)ℓ for some𝑇 ⊆ {0, 1, . . . , ℓ − 1} of size 𝑡 . Let ℎ, 𝑃1, . . . , 𝑃𝑠 , 𝑋
be as in the proof of Lemma 21. Recall |𝑋 | ≤ (𝑠 − 1)ℓ .
Now, since the sets in F are disjoint, at most (𝑠 − 1)ℓ of the sets in F intersect 𝑋 . Thus, since

|F | ≥ (𝑠 − 1)ℓ + 1, there is some 𝑍 ∈ F disjoint from 𝑋 . Let 𝐶 be any other set in F and define

𝐶′ = 𝐶 ∪ 𝑋 . Note that |𝐶′ | ≤ (𝑡 + 1) (𝑠 − 1)ℓ . Note also that 𝑓 (1𝑍 ) ∉ 𝑇 as 𝑍 is 𝑇 -avoiding, hence

|𝑇 ∪ {𝑓 (1𝑍 )}| = 𝑡 + 1. We will show that 𝐶′
is (𝑇 ∪ {𝑓 (1𝑍 )})-avoiding, proving the result.

Since 𝐶 is 𝑇 -avoiding and 𝐶 ⊆ 𝐶′
, 𝐶′

is also 𝑇 -avoiding (cf. Lemma 11 (iii)). To see that 𝐶′
is

{𝑓 (1𝑍 )}-avoiding, note that for every 𝐷 ′ ⊆ [𝑛] with 𝐶′ ⊆ 𝐷 ′
, all the columns of the 𝑟 × 𝑛 matrix

whose rows are 1𝐷 ′ , 2𝑃1 , 2𝑃2 , . . . , 2𝑃𝑠 , and 𝑟 − 𝑠 − 1 many copies of 1𝑍 are tuples of LO𝑟
3
. For 𝑖 ∈ 𝑃 𝑗 ,

the unique maximum is given by a 2 in the 2𝑃 𝑗 row. Since 𝑃1, . . . , 𝑃𝑠 , 𝑋 form a partition of [𝑛], it
remains to consider 𝑖 ∈ 𝑋 . Since 𝑃1, . . . , 𝑃𝑠 , 𝑍 are disjoint from 𝑋 , the 1𝑍 row and all the 2𝑃 𝑗 rows
have a 0 in these columns. On the other hand, the (unique) 1𝐷 ′ row has a 1, since 𝑖 ∈ 𝑋 ⊆ 𝐶′ ⊆ 𝐷 ′

.

Hence we see that every column in the matrix is a tuple in LO𝑟
3
. Since 𝑓 is a polymorphism of

(LO𝑟
3
,BNAE𝑠,𝑟−𝑠

ℓ
), (𝑓 (2𝑃1 ), 𝑓 (2𝑃2 ), . . . , 𝑓 (2𝑃𝑠 ), 𝑓 (1𝐷 ′ ), 𝑓 (1𝑍 ), . . . , 𝑓 (1𝑍 )) is a tuple in BNAE𝑠,𝑟−𝑠

ℓ
.

Hence since 𝑓 (2𝑃1 ) = 𝑓 (2𝑃2 ) = · · · = 𝑓 (2𝑃𝑠 ), we have that 𝑓 (1𝐷 ′ ) ≠ 𝑓 (1𝑍 ). Thus 𝐶′
is a

(𝑇 ∪ {𝑓 (1𝑍 )})-avoiding, so (𝑡 + 1)-avoiding set as required. □

Theorem 23. PCSP(LO𝑟
3
,BNAE𝑠,𝑟−𝑠

ℓ
) is NP-hard for all constant ℓ ≥ 3, 𝑟 ≥ 4, and 2 ≤ 𝑠 ≤ 𝑟 − 2.

Proof. By Theorem 12, Lemma 21 and Lemma 22. □

We finish with noting that our proofs can be used to show NP-hardness of more templates if the

symmetry requirement is dropped, then capturing colouring variants of directed hypergraphs.
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